L ossin solid-core photonic crystal fibersdueto

interface roughness scattering

P. J. Roberts? F. Couny?, H. Sabert?, B. J. Manqanz, T.A.Birks!, J. C. Knight* and P.

St. J. Russdl
! Department of Physics, University of Bath, Claverton Down, Bath BA2 7AY, United Kingdom.
2 BlazePhotonics Ltd, University of Bath Campus, Claverton Down, Bath BA2 7AY, United Kingdom

pjr20@bath.ac.uk

Abstract: The loss resulting from roughness scattering at hole interfaces
within solid core photonic crystal fibers is theoreticaly analyzed and
compared with measurements on fabricated fibers. It is found that a model
roughness spectrum corresponding to frozen in capillary waves gives results
in reasonably good agreement with experiments on small core fibers. In
particular, the roughness scattering loss is shown to be only weakly
dependent on wavelength. Agreement at a larger core size requires a long
length-scale cut-off to be introduced to the roughness spectrum. Due to the
long range nature of the roughness correlations, the scattering is non
Rayleigh in character and cannot be interpreted in terms of a local photon
density of states.
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1. Introduction

Photonic crystal fibers (PCFs) comprise an array of parallel air holes in a glass matrix which
surround a guiding core. The large index step which exists between silica and air opens up
avenues for mode control which are not accessible to conventional doped-fiber technology. In
many applications, such as long haul communication, fiber loss plays a key role. It is thus
important to understand the level to which PCF loss can be reduced by improvement in
fabrication processes. In conventional fibers, this limit is well understood, being set by
Rayleigh scattering and Infra-red absorption within bulk glass[1]. The former loss mechanism
is a result of short range index fluctuations within the bulk material which are of
thermodynamic origin and as such is not amenable to significant reduction by technological
improvements. The latter loss mechanism, which is due to multi-phonon processes, is an
intrinsic property of the glass. The combined influence of these loss mechanisms has been to
limit the loss of telecom fiber to around 0.15 dB/km.

The presence of glass / air interfaces in PCFs introduces new mechanisms for the
incursion of loss. Impurity ingress occurring at the interfaces during the fiber draw may
increase the loss due to absorption, or may act as centers of formation for crystallites which
add to the scattering loss. These loss contributions can be reduced or eliminated by
technological improvements of fiber fabrication. There remains, however, a scattering
contribution to loss which is due to the inherent roughness of the interfaces. Such roughness
arises from thermally excited surface capillary waves (SCWSs), which become frozen-in during
the fiber draw at the glass transition temperature [2]. This roughness forming process is
dictated by equilibrium thermodynamics, so that it can not be substantially reduced by
technological improvements.

The loss floor in hollow core PCFs has been shown to be dominated by the surface
roughness scattering, the loss component due to bulk glass being greatly suppressed since
most of the light propagates in air. The philosophy to loss reduction for these fibers entails
incorporating antiresonant features into the design which act to decrease the field strength of
the core guided mode at the interfaces [2-4], or minimizing as far as possible the occurrence
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of surface guided modes within the band gap [5]. The situation for solid core PCFs is less
clear, since for these fibers most of the mode field propagates in the glass and is thus subject
to its loss characteristics. The loss of solid core PCFs is found to increase as the core size
decreases, a property which has been ascribed to the increased field strength at the hole
interfaces leading to a larger roughness scattering loss component [6,7]. A goal of the current
paper is to provide ab initio calculations of surface interface roughness loss suffered in solid
core PCFs, based on a model roughness spectrum of SCWs which is introduced in section 2.
A summary of the theoretical basis for the calculation, in which the electric field Green tensor
plays a central role in conjunction with a function related to the roughness power spectrum, is
given in section 3. More details on the scattering formulation are deferred to appendix A.
Section 4 compares the calculated angular dependence of the light scattered due to SCW
roughness with measurements obtained using the experimental technique described in [8]. The
angular dependence serves to emphasize the non Rayleigh nature of the scattering. In section
5, the wavelength dependence of the SCW scattering loss is calculated for an example small-
core PCF. The results are compared with the measured loss spectrum of afabricated fiber with
a similar geometry. This section also considers SCW roughness scattering for a solid core
PCF with larger core size, which requires the introduction of along length-scale cut-off to the
roughness spectrum to gain correspondence with experiment. Further details on the numerical
evaluation of the total roughness scattering loss are given in appendix B. Conclusions are
presented in section 6.

2. Roughnessat holeinterfaces

The surface of a liquid in thermal equilibrium is not flat due to the thermal excitation of
surface capillary waves (SCWSs). Such fluctuations exist on the surface of molten glass and
become frozen-in as it is taken through the glass transition temperature T, during the fiber
drawing process. Despite the increase in the material stiffness associated with glass formation,
the dynamics and energy balance associated with the glass transition unfortunately does not
lead to a reduction in amplitude of the SCWs from their thermal equilibrium values in the
liquid state just above Tg: the surface that results after the transition has occurred can be
considered simply as a snapshot of the surface that exists on a molten surface just above the
glass transition temperature.

Since the thermal distribution of energy between the SCW modes is an entirely incoherent
process, the sum of the contributions from all the SCWs yields a rough surface which must be
described gtatistically. For an infinitely extended 2-D interface, the energy per unit area of a
SCW with 2-D wavevector kscy and amplitude A is given by

E =24 okl (2)

which is due entirely to work done against the surface tension force [9]. The surface tension
has been denoted by o. Ascribing an average energy of kgT / 2 to each surface capillary wave

component leads to a roughness power spectrum
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for the extended interface [10]. The roughness spectrum given in Eq. (2) is scale-freg, i.e. it
describes a gtatistical fractal interface.

The spectrum describing the rough interfaces within a PCF become quantized due to the
closed nature of a hole perimeter. Ignoring any interaction between SCWs on neighboring
holes and any effects related to the curvature of the (statistically averaged) hole interface, the
roughness spectrum at a hole with perimeter length S can be approximated by

2
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where kgm) =27m/S is the tangential wavevector component, the index m takes all integer

values and S is the wavevector component along the hole axis direction. The spectrum has
been normalized such that the roughness height correlation function is determined from

(h(s, 2)n(s+ As, z+Az)) = % > expl mas)[” dBexp(iAAz)¥,(B), 4

Me—oo

where s is the gpatial coordinate which defines position around the hole perimeter and z is the
coordinate along the axial direction.

Atomic force microscope (AFM) measurements of the roughness spectrum on the
interfaces within silica PCF show that it is consistent with Eq. (3) over the scale-range
covered by the measurements (approximately 80 nm to 8 um) when the surface tension is
taken to be around 1 Jm? [2]. The roughness measurement was just taken along the axial

direction of the hole, so only correspondence of » ¥_(8) could be checked. The value

0=1.0 Im? is somewhat higher than the value 0=0.3 Jn? measured at an interface prepared in
standard atmosphere. It has been postulated the discrepancy can be attributed to the water
reduction steps that are maintained during the fiber fabrication process.

The magnitude of the roughness over a decade of length scales which are short compared
to the hole perimeter length can be estimated using Eq. (2) to be 0.06 nm, assuming the value
o~1.0 Jm? and taking T4~1500 K. The characteristic magnitude of the SCW roughness is far
smaller than the interface roughness currently achievable by etching techniques, which is
perhaps the main reason why the loss achieved in band gap fiber waveguides is orders of
magnitude lower than that which has been demonstrated in other band gap waveguide forms.

The roughness spectrum in Eq. (3) leads to a divergence of the integral determining the
correlation function in Eq. (4). In practice, the inverse power-law form of the spectrum will
eventually become cut-off a both long and short length scales, which serves to render the
correlation function expressed in Eq. (4) convergent. At the short length scale end, the cut-off
may ultimately be due to the atomic nature of the materia leading to a breakdown of the
continuum theory which forms the basis of Eq. (3), or may be due to inter-SCW mode-
coupling [11]. The long scale cut-off of the spectrum describing fluctuations on an isolated
infinitely extended 2-D interface is provided by an external potential such as gravity [10], but
for holes in a PCF, the interactions between the interfaces may provide a substantially shorter
cut-off scale. The presence of such a reduced long scale cut-off is inferred in section 5 from
the roughness scattering loss of large core PCF.

3. Theory of interface roughness scattering lossin photonic crystal fibers

Since the roughness at the interfaces is of small amplitude, the scattering it induces can be
caculated by application of perturbation theory. Care must be taken in formulating
perturbation methods in electromagnetism when the refractive index steps are sizeable and the
perturbations cause the boundaries to shift [12-15], as is the case a PCF interfaces. This is
linked to the discontinuity in the component of the E-field which is normal to the interfaces.
In general, local field corrections need to be incorporated which depend on the polarisation
properties of the roughness features at the interface [15]. It will be assumed that short length
scale cut off to the roughness spectrum is such that the direction of the local normal to the
interface does not fluctuate strongly due to the roughness, so that a difficult local field
calculation associated with the continuoudy rough interface can be avoided. For such
roughness, local mode coupling theory can be used to calculate the scattering loss [12]. This
approach is preferred over standard (non-local) mode coupling theory or a direct application
of the Born series since the field discontinuity is properly handled. Details of the roughness
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scattering calculation are presented in Appendix A. The roughness scattering loss is found to
be given by

K3 [80 Jllz( , )2 Nz""‘f
Hh=———| \ni=1) Im
b)) L . (5)
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perimeter perimeter

where ny is the refractive index of the glass, k = 27/ is the free-space wavenumber of the

light, él(rj’(s)) and /3, express the electric field of the guided mode just inside the perimeter
of the j'th hole and the propagation constant of this mode, respectively.
G, (rj*(s'),rf(s); k, ) is the electric field Green tensor connecting two pointsjust outside the
perimeter of thej’th hole. The mode has been normalised according to

Lo loxhio)z-1 ©

where the integral is over the entire cross-section of the fibre (the x-y plane) and Z is a unit
vector along the axial direction. Note that with this choice of mode normalisation, the mode
group velocity does not explicitly appear in the expression for loss, in contrast to the
formulation in [16], which normalises the mode according to energy rather than power.

The dependence on the surface roughness within Eq. (5) is contained solely within the

function ‘f’j (s,s;AB), which is given by the discrete Fourier transform of the roughness

power spectrum around the hole perimeter. For SCW roughness, the spectrum given in Eqg. (3)
leads to the form

kT, ikm(s—g
¥, (s,5;48)=—22 . ;} n;qexlz[lff +(z,325)] (7

for the j'th hole with perimeter length S§. This function can be expressed in terms of

hypergeometric functionsin the general case, but for ABS; >>1 it simplifies to the extended
2-D surfaceform

1
"o 3

Equation (5) not only determines the total loss due to the interface roughness scattering, it
can also be used to find the angular distribution of the scattered power as a function of the
angle @ to the fiber axis. If the fiber is surrounded by a medium of index ny, S is directly
related to the angle 6 as measured in this medium by [8]

B =n_kcosé, 9

P(s s;08)= 22— expl-[aB(s-s)). 8)

so that a change of variable from fto @in Eq. (5) makes the desired connection.
The non-separable form of the function (s, s';Aﬂ) with respect to variations along the

axial direction and around the hole perimeter is evident in Eq. (8). At large Af, corresponding
to short axial length scales, the exponential term ensures that only points spaced closer than of
order 1/AS in the perimeter coordinate remain correlated. Even for Ap~2k, the
electromagnetic terms within the integrand of Eq. (5) vary too rapidly for the equation to be
simplified to a single integration around each hole perimeter involving the imaginary part of
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the Green tensor evaluated at a single spatial point (which is directly related to the local
density of states). As A becomes smaller, the correlations around the perimeter become more
and more long ranged, so that the scattered power dependence on £ (or equivalently on angle
) is strongly influenced by the off-diagonal (in spatial coordinate) variations of the Green
tensor, as well as on the mode field variations around the hole perimeters.

The electromagnetic terms within Eqg. (5) can be calculated using suitable numerical
algorithms. The Green tensor can be calculated using, for example, the finite difference time
domain method [16], the boundary element approach [17] or, for circular holes, the multipole
method [18-21]. In section 4 the multipole method is used to calculate both the Green tensor
and the mode field distribution for solid core PCF.

4. Roughness scattering lossin solid core photonic crystal fiber

The roughness scattering dependence on S can be inferred from angular resolved
measurements of the light scattered from the guiding mode of the fiber [8]. The experimental
technique involves immersing a section of the fiber which has been stripped of its outer
protective coating in index matching fluid contained within a cylindrical vessel. Light
emerging from the vessel is focused onto a photodetector array. By repeated rotation of the
sample, the light escaping from the stripped region of fiber can be measured as a function of
direction over all angles @to the fiber axis. Stray light from the rest of the fiber (i.e. other than
from the stripped section) is shielded by black tubing. The geometrical deformations in the
outer holes of the cladding vary slowly (compared to the wavelength A) along the fiber axis
direction so they do not lead to a substantial modification in the S-dependence of the escaping
light.

Figure 1(a) shows the measured scattered power P(n) for the fiber shown as an inset to the
figure, plotted as a function of effective index n=4/k. Obliquity factors are included so that
P(n)dn is a measure of the power lost to modes with effective indices between n and n+dn. A
secondary axis showing the angle 6 to the fiber axis, as measured in index matching fluid of
refractive index n,=1.446, is also provided. To obtain the measurement, laser light of 1550
nm wavelength was coupled into one end of the fiber and the stripped section, which was of
length 5.5mm, was placed many meters from the input end to minimize power in modes other
than the fundamental. The fiber was twisted about its axis within the cylindrical vessel so that
an average over azimuthal angles was achieved. The trace of P(n) shows a general decreasein
power as the difference in effective index to the fundamental mode (which has an index of
n;~1.40) increases, which confirms that length-scales longer than the wavelength are
responsible for most of the loss so that the scattering is non-Rayleigh in nature.

The fiber studied in the experiment has a pitch (distance between nearest neighbor hole
centers) of around 2.85 um and a core diameter of about 2.8 um. The holes a such a high air
filling fraction are deformed somewhat from circular. The fiber was modeled by keeping the
same pitch but approximating the holes to being circular of diameter 2.74 um. Equation (5)
was used with the capillary wave roughness spectrum of Eq. (3) and the electromagnetic terms
calculated using the multipole method. The result at a wavelength of 1.55 um is shown in Fig.
1(b) for comparison with the experimental result. Clear similarities exist between the two
traces despite the geometrical approximations incorporated in the calculation. The bumps and
dips in the n dependence are identified with an effective index dependence of the density of
states. There is, however, a hotable asymmetry in the shape of these features between positive
and negative index n. This is because the range of the correlations around each hole perimeter
decreases with increasing index difference to the forward propagating (i.e. positive index)
fundamental mode, as discussed in the previous section.

The plot in Fig. 1(b) shows a narrow region of low scattered intensity near the air light
line (n=1) which is associated with the existence of a cladding band gap over this restricted
effective index range. The plot in Fig. 1(a) for the experimental fiber shows no such feature as
the deformation of the holes has closed the gap, as was verified by numerical simulation of the
experimental geometry using a plane-wave code. The cladding cut-off, which is identified as
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the effective index beyond which the scattered intensity becomes strongly suppressed, is
approximately 1.06 from the experimental measurement but around 1.1 for the theoretical
plot, the difference being mainly due to the higher air filling fraction in the cladding of the
fabricated fiber compared to the fraction in the modeled fiber.

(dP[arb units]/dn) [dB]

20

- il
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Fig. 1. (8) The measured scattered power as a function of effective index n for a PCF with pitch
approximately 2.85 um and core diameter about 2.8 um at a wavelength of 1.55 um. A SEM of the
structure are included as an inset. In (b), the calculated scattered power due to SCW roughness is
shown for a PCF with pitch 2.85 um composed of circular holes of diameter 2.74 um. The
wavelength isagain 1.55 um.

The overall decaying trend in the scattered intensity as n becomes more detuned from the
index n; of the fundamental mode shows some difference between experiment (Fig. 1(a)) and
theory (Fig. 1(b)). The experimental plot shows a slightly weaker dependence on n;-n than the
theoretical one. This can only in part be explained as due to reflections occurring at the end-
face of the experimental fiber causing excitation of the backward propagating guided mode
and to a Rayleigh component from bulk-material scattering. Since the axial fluctuations of the
model spectrum seem to fit well with AFM measurements (albeit with some experimental
uncertainty), the dlight discrepancy may be due to inter-interface interactions causing a
modification in the nature of the correlations around the perimeter of each hole.
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The scattered power as a function of both angle 6 to the fiber axis and azimuthal angle ¢
is a far more sensitive probe of the fiber microstructure than the azimuthally integrated form
shown in Fig. 1. The dependence can be calculated using Eq. (30) of appendix A, which
involves the far-field Green tensor together with the roughness spectrum and the mode field
distribution. The far-field form of the Green tensor is readily calculated using the multipole
approach [20]. Figure 2 shows the calculated dependence for a PCF with pitch 2.0 um and
hole diameter 1.96 um. The radial coordinate in the plot is defined by n,—n, and the

azimuthal coordinate is ¢. An average over the two polarization states associated with the
fundamental spatial mode has been taken.

The distribution of the scattered light in Fig. 2 reflects the angular dependence of the
mode density. Measurements of the pattern scattered from guided light provide a non-
destructive test of the local microstructure around a guiding core which is more essily
interpreted than measurement of the scattering of externally incident light which impinges
directly upon the side of a stripped section of fiber [22]. The pattern exemplified by the plot in
Fig. 2 resembles that obtained from fluorescence measurements on a (suitably scaled) similar
fiber with the core doped with an active species such as Er** [20]. Instead of the point dipole
sources associated with fluorescing Er®* ions, the roughness acts as a correlated source for
scattered light at the hole interfaces.

15

-15
-15 -1 -05 0 05 1 15

Fig 2. Calculated angular distribution of power scattered due to surface
roughness from a solid core PCF with pitch A=2.0 um and hole diameter
1.96 um. The wavelength is 1.55 um.

5. Wavelength scaling of 1oss

The total loss due to the roughness scattering can be calculated using Eq. (5). The integrand
shows rapid variations along the real S-axis, so the computation is performed by deforming
the contour of integration into the complex plane. More details of the calculation are given in
appendix B.

Figure 3 shows the calculated SCW roughness scattering loss plotted against wavelength
A for a solid core PCF with pitch 1.5 um and circular holes of diameter 1.44 um. The
roughness loss is seen to be only weakly dependent on the wavelength. A trace showing
approximately 50 times the contribution to the loss from bulk Rayleigh scattering, which has a
1/A* dependence, is included for comparison. A fit of the form 1/4" to the roughness loss
yields an index v=0.70 as a best fit. The roughness loss for such a small core fiber is far
greater than the loss arising from bulk Rayleigh scattering and is confirmed as being the
dominant source of loss away from water absorption peaks and the IR absorption edge. The
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wavelength dependence of the roughness loss is weakened compared to the 1/4* bulk-
Rayleigh form both because the normalized guided mode field intensity at the interfaces
varies approximately as 4° [7], and because the roughness power spectrum increases with
length scale.

300

Surface roughness loss

loss [dB/km]
3

T e o —

0.3 07 0.9 1.1 1.3 L3 1.7 1.9

A [pm]

Fig. 3. The wavelength dependence of roughness loss calculated for a solid core PCF with
pitch 1.5um and circular holes of diameter 1.44 um. A curve with 1/1* dependence,
approximately 50 times the strength of the bulk Rayleigh scattering contribution, is included
for comparison.

Figure 4 shows the measured loss of a fabricated fiber with a similar core size to the
modeled example. A SEM of the structure is provided as an inset. The peaks around 0.95 um,
1.25 um and 1.39 um are due to OH" absorption, but the remaining dependence is assumed to
be almost entirely due to surface roughness scattering. The dashed line in the plot has a /4%
dependence which indicates that the roughness loss of the fabricated fiber varies slightly more
rapidly with wavelength than predicted for the model fiber and the assumed roughness
spectrum. This is in keeping with the dlightly flatter dependence of the measured scattered
intensity with angle compared with the modeled result, a feature which was noted in section 4.
The loss of the fabricated fiber is between 1.1 and 2.0 times higher than that calculated for the
model fiber over the wavelength range 0.6-1.7 um. The similarity in the measured and
calculated values shows that SCW roughness provides a credible explanation for the majority
of the observed loss in small solid-core PCF. In part the persistent underestimate of the loss
from the modeling is due to the deformation in the holes which surround the core in the
fabricated fiber causing an increase in the field intensity at the interfaces.

As the core size of the PCF increases or the hole size decreases, the separation in 5 of the
fundamental mode from the cladding cut-off (or other core guided modes if any exist)
becomes ever smaller. The large scale (i.e. small kscw) divergence associated with the
assumed form of the SCW roughness spectrum eventually leads to an overestimate of the loss.
A loss of 0.27 dB/km has been ascribed to surface roughness scattering at a wavelength of
1.55 um for afiber with pitch 4.2 um incorporating holes with diameter 1.85 um [7]. For such
afiber, the S-detuning of the fundamental mode from the cladding cut-off isjust 0.031 pm,
and evaluation of Eq. (5) using the model SCW spectrum leads to a calculated loss of around
6 dB/km. Clearly it is necessary to introduce a long length scale cut-off to the roughness
spectrum. The physical mechanism giving rise to the cut-off is not currently understood, but it
is plausible that the interaction between SCWs on adjacent holes plays a key role.

A long-scale cut-off of size Ly, can be phenomenologically introduced to the roughness
spectrum by considering the modified form
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where k,, =27/L,, . Roughness scattering calculations using this spectral form show that in

order to obtain aloss comparable to the experimental value for the PCF with pitch A=4.2 um,
it is necessary that L is taken to have a value around 20 pm.
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Fig. 4. The measured loss vs. wavelength for a fabricated PCF with a core diameter of around
1.5um. A SEM of the structure is included as an inset. The dashed curve has a dependence of
/'L—l.24_

6. Conclusions

The guided mode propagation loss in solid core photonic crystal fibers (PCFs) due to hole
interface roughness scattering has been calculated assuming the roughness is due to frozen-in
surface capillary waves (SCWs). For small-core fibers, the loss computed using a ssimple
continuum theory for the SCW spectrum is found to give values within a factor of 2 of
measured loss values of fabricated fibers. For such fibers, the interface roughness scattering is
confirmed as being the dominant loss mechanism over a broad range of wavelengths and is
characterized by a weak dependence of the loss on wavelength. For fibers with a larger core
size, it is found that a long length scale cut-off must be introduced to the roughness spectrum
in order to gain correspondence with measured 10ss values.

Comparison of the computed scattering dependence on angle with experimental
measurements suggests that the roughness spectrum is dlightly flatter than the model SCW
spectrum. A similar conclusion is inferred by comparison of the computed and measured
dependence of the loss on wavelength. A more sophisticated theory of frozen-in SCWs on the
interfaces of closely spaced holes within PCF is clearly necessary to resolve the small
discrepancies and to provide an explanation for the inferred long length scale cut-off in the
spectrum. A detailed understanding of such a theory may lead the way to further loss
reduction in both band-gap and solid core photonic crystal fibers.

Appendix A: Scattering from interface roughness

The roughness amplitude at the glass / ar interfaces of PCFs is far smaller than the
wavelength of the guided light. Thus the scattering due to the roughness can be calculated
using perturbation theory. Since the index step at the interfaces is not small, it is most
expedient to calculate the scattering using the framework of local mode coupling theory, even
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though the unperturbed modes can be considered as invariant along the fiber. It will be
assumed that the roughness amplitude is small compared to a small scale cut-off length in the
roughness spectrum, so a complicated local-field calculation can be avoided [12,15].

From [12], the amplitude b, of amode labeled by the index p evolves along the fiber (the
direction 0z2) according to

db
q5 p p pr po q’ (11)

where 3, is the propagation constant of the p’th mode (the wavevector component along the

fiber direction). The factor ¢, takes the value +1 if p corresponds to a forward propagating

mode or -1 if p corresponds to a backward propagating mode. The summation is over all
transverse modes of the fiber, labeled here by an index g. The index g is understood to be a
discrete label for guided modes of the system and to be continuous for radiation modes. The
summation over the latter type of mode is to be interpreted an integration over the continuous

index. The coupling coefficients {Cpq}, written in a form appropriate for arbitrary index step,
are given by
A VA on?
[ep G —(ep -n)(eq )] az

cpq(z)zk[&j S ,
A\ ty ) APy Px-stion (%8, - A, - n)a(lj

0z

(12)

where k is the wavenumber of the radiation (k =2z/1), AB,, = B, — B, is the difference in

propagétion constant between the p’th and the g'th modes, and n is the refractive index
distribution of the perturbed fiber. The electric fields of the p'th and gq'th normalized
transverse modes are denoted e, and e, respectively, and n is a spatially dependent unit
vector chosen to be normal to the dielectric interfaces. The modes are normalized according to
the conventionin [12].

It will be assumed that light in a forward propagating guided mode, labeled by an index
p=1, isincident at z=0. As the scattering is weak, Eq. (11) can be integrated to yield for the
amplitude in mode 1 adistance L aong the fiber:

b1<L)=bl(o)exp(wlu{uzj;dz-jj'Ldzdnq(zd)clq(z-mz-—zd)exp[iwq—pa)zd]}- 13

The function nq(zd) takes the value 1 either if z, >0 and q labels a forward propagating
modeor if z, <0 and q labels a backward propagating mode, otherwise it is zero.
Therate of loss, ¥, , from mode 1, is determined from

a[,{m0)
h= R |b1— =__R{ZI dle dzy7, Zd)<C1q Ca Z Zy >eXp[(ﬂ ﬁl)zd]i|
(14)
where the angled brackets denote an ensemble average over a dtatistical ensemble which
describes the roughness fluctuations.

The length L is assumed long compared to the wavelength and any relevant correlation
length scale of the surface roughness, but small enough that the scattering from the
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fundamental mode is weak (i.e. L<<1/y,). Assuming the nature of the surface roughness

does not change aong the fiber (dtatistical homogeneity), the rate of loss can then be
determined from

- —zR{z [ a2z Cul0Cu (2 )8, - £)2, ]| i

It will be assumed that the physical process which forms the roughness does not lead to a
change in refractive index within the medium, i.e. its sole effect is to cause a small geometric
perturbation to the dielectric interfaces. The refractive index distribution of the perturbed fiber
may be then written as n?(r,z)=nZ(r +u(r,z)), where n2(r) is the refractive index
distribution of the unperturbed (z-independent) fiber and u(r,z) defines the perturbations to
the interfaces. r is a 2D position vector in the plane transverse to the fiber axis. The refractive
index will be assumed to undergo a discontinuous step from a value ny within the glass to
unity within a hole as an interface is traversed. Since the displacements u(r, z) are small in

amplitude, the required derivatives of the dielectric distribution can then be determined from

onP(r,z ou(r,z
( ) =V“ é)( ﬂr':wu r,z ' ( )
0z rz) 9z (p=2-2) (16)
b e oh,(s,2) P=2a=2),
= (n! —1)2%.}2;]% dsslr—r,(s)) -
j=1 " interface

where h, (s,z)=1(s)-ulr, (s), z) is the roughness height function for the j'th hole, with s a

spatial coordinate (with distance measure) which defines a position on the unperturbed

interface via the function (s). The integrals over s extend around each of the N, hole

perimeters and the delta function ensures that the dielectric derivatives are only non-vanishing

at the hole interfaces. The unit vector (s) isthe outward normal to the j’th hole interface.
The required coupling coefficients, using Egs. (12) and (16), are then given by

Cpq(z)_k(go Jﬂz Lt S{(ng—l)[é*p'éq—(é*p_ﬁj(s))(éq,ﬁj(s))]—} (2

j'thhole

- 4 Ho Aﬂ pq j=1° interface (ngz —1xn§é*p ‘N i (S)Xngéq ‘A j (S)) 0z
17)
The quantity within curly brackets can be rewritten as
{ (ng —:I.)[é*p .éq — (é*p ‘N i (S)Xéq . ﬁj (S))] _} _ (nz _1)| (pa) (S) (18)
-2 220 A 22 A 9 ] !
(ng _1)(nOep N (S))(noeq N (S))

with
199 (s) = {&, (r7 (9) &, () +[&, r; (8)-, ()&, r (), ()&, (), ()]} (29)
In Eq. (19), r{(s) refers to a point just outside the interface of the j’th hole (i.e. within the

glass), and r; (s) is aposition just inside the interface. 1¢*(s) remains invariant if all the +
superscripts are replaced with — superscripts, and all the — superscripts are simultaneously

exchanged for + superscripts.
Inserting Eq. (17) into Eq. (15) and making use of Eq. (18), the loss can be expressed as
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= k [/10 ]( )zzq:Aﬂlq R{Z ﬁthhde dsl(lq) ﬁlhhole ds1®(s)x

=1 perimeter perimeter

. (20
o 3 0? .
[ aznfaenlsse) v, s sin)
where
‘I‘jk(s,s‘;zd):<hj (s,O)hk(s',zd)> (21)
and the assumed statistical stationarity has ensured that
oh. (s, z ' 2
i ( )| ahk (S s Z)| __ 0 \ij (S, S'; z, ) . (22)
82 7=0 aZ | =24 a 2 Zd
Assuming that the roughness on each hole is statistically independent so that
¥, (ss:24)=Y,(s5:24)5,, (23)
and integrating over z4 by partstwice, the lossis given by
K* (& V.2 P e
=— = |n -1 R oe SP e dS| d
e AR Y VS L ”

ZI“‘” NP ()expliAf,z, 1,z ¥, (585 zd)}

The loss can be expressed in terms of the electric field Green tensor describing
propagation within the unperturbed waveguide by using the relation

1/2
an z, e )exp(ﬁqzd) 44'k[%} G (r +2,2,r'+0Z;k) (25)

0

to make the connection

316 (g <s->nq<zd>exp(iﬂqzd)=4ik[&jmx

q &o

&7 ($)Can(r} (s)+ 242, 17 ()+ 02:KkJ3, 17 (5))

(26)

Use of Eq. (26) in Eq. (24) leads to

@ : 12 . v Noee

I :_E(Z_oj (ng _1) Im|:j2=1:
§Jthhole dsjthhole dsj.dﬁe ( ))G ( kﬁ)el( ) SS B— ﬂ):|

perimeter perimeter

(27)

where
G,p(r.r;k,f)= r dz, exp(=ifz,)G 4 (r + 2,2,r'+0Z;k) (28)
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and

\Pj(sas';A,B):_EdZd exp(_iAﬁZd)Pj(svs|;zd)' (29)

Equation (27) expresses the loss in terms of the spectrum of the surface fluctuations, the field
distribution of the guiding mode, the dielectric permittivity step between glass and air and the
electric field Green tensor which describes propagation of radiation around the hole interfaces.

The loss due to scattering into f-values between g and f+Jf can be directly extracted
from Eq. (27) and related to the loss into a range of angles 6 to 6+060 to the fiber axis as
described in section 3. To obtain the scattered power dependence on both 6 and the azimuthal
angle ¢, a Born series expansion can be invoked [12]. The ambiguity arising due to the
discontinuity in normal E-field can be removed by ensuring that integration over ¢ leads to a
form which is consistent with Eq. (27). The calculation leads to the loss #,(6,¢)X2 into a

solid angle element &2 =sin & 66 d¢ being given in the far-field by

1/2
}ﬁ(@,¢)=i[ﬁ} ksng(nj ~1f sngReLim RReZﬁmmle dS §unmoe dS V(5,8 4, - B) x
A My R j ~perimeter perimeter
& (s))ok (RO (s)k, B)G 0 (RE, 1 (s) K, BR[r; (5)

(30)

where 0=(cosg,sing) and it has been assumed that the fiber is surrounded by index
matching fluid with an index equal to that of the glass, so that S =ngkcosd and all
scattering is due to the holes in the fiber microstructure.

Appendix B: Calculation of thetotal loss due to roughness scattering

Sharp variations with £ occur within the integrand of Eqg. (5) due to the occurrence of leaky
modes or resonances. Higher order guided modes as well as the fundamental may exist
beyond the cladding cut-off, which for an infinite cladding give rise to simple poles of the
Green tensor at their propagation constant eigenvalues. For a finite cladding the modes suffer
some degree of confinement loss so that the poles are shifted slightly from the real axis. The
rapid variations associated with the occurrence of poles close to the integration path in Eqg. (5)
means that direct integration along the real f-axis is impractical, so the integration contour is
deformed into the complex plane.

The analytic properties of the Green tensor in the complex plane have been explored in
[19]. The simple poles associated with the leaky modes are constrained to the quadrants
Rel4]>0,Im[3]>0 and Re[#]<0,Im[3]<0 in order to satisfy causality. Branch cuts

extend outward along the real-axis from the points +4;, where S, =n k. The roughness
function ‘f‘j (s,s;8,— ) for capillary waves associated with the j’th hole introduces further
polesto the integrand at S-values given by

B=p +i2zm/s, , (31)

where mis an integer. To exclude the contribution of scattering from mode 1 into itself and
into its polarization partner (labeled mode 2), which in fact diverges for the model capillary
spectrum due to the presence of a double-pole in the roughness function ‘¥, (s,s;A8) at

AB=0, the contribution of these modes is subtracted from the Green tensor so that
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My 4k -1
The deformed path used in the calculation has an end-point given by S, = £, -3,
where 9 is a small positive real value chosen such that f, is larger than the propagation
congtant at the cladding cut-off and, if any exist, of any guided mode other than modes 1 and
2. The gtart point is chosen to lie between -4, and -4, so tha scattering into backward

traveling fundamental modes is included. The structure of the integrand of (5) in the complex
plane and the chosen deformed path is shown schematically in Fig. 5.
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Fig. 5. A plot of the complex plane schematically showing the analytic structure of the
integrand in Eq. (5). The poles associated with the Green tensor are shown by crosses and

those of the roughness function ‘f‘(s, s, p- ﬂl) by dots. The Green tensor poles due to

forward propagating modes 1 and 2 are shown in grey and have been subtracted. The thick
continuous lines indicate branch cuts. 3y is the B-value of the cladding cut-off and g=ngk. The
path of integration is deformed from the real 3-axis to the dashed curve shown.
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