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By using the multiple-scale method, we study analytically the formation and stability of

two-component spatial optical solitons in a cold, lifetime-broadened resonant four-level

double-A type atomic system via electromagnetically induced transparency. It is shown that the

stable two-component (1+1)-dimension spatial optical solitons with extremely weak-light

intensity can occurred, which is different from the passive one with photorefractive and planar

waveguides. Furthermore, the interaction characteristics between two solitons are studied by

numerical simulations. We find that the collisional dynamics and the energy transfer of the two

solitons are closely correlated with their relatives phase shift. Our results may provide a good

idea to obtain the wuseful spatial optical soliton for application in optical soliton

communications.
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1. Introduction

Spatial optical soliton (SOS) is one type of localized optical beam forming in the
nonlinear optical media when the effect of refractive nonlinearity can balances
diffraction effect of optical beam [1-2]. Based on the propagation characteristics of the
solitons, the SOSs can make the beams propagate undistortedly over a long distance
and remain unaffected after collision with each other. Such an interactional SOS may
have potential applications in optical logic and switching. So, it has been investigated
extensively by far [3-5]. However, most of the previous works on SOS are limited to
conventional nonlinear mediums. In such mediums, a large nonlinear refractive index is
always associated with large absorption. To avoid large absorption, people use optical
fields far away from atomic resonances. However, this type of optical field only brings
a very weak nonlinearity refractive index. If ones would like to get obtain a larger
nonlinearity to balance diffraction, highly intense light is needed. Therefore, it is hard
to produce SOS at very low light intensities in the conventional nonlinear mediums.

To date, by means of the technique of electromagnetically induced transparency
(EIT), the SOS has been realized at very low light intensities. It is mainly due to the fact
that EIT can render an opaque medium transparency to a signal field with quantum
interference effect induced by a coupling field, even when the signal field is tuned on to
a very strong one-photon transition [6-8]. The wave propagation in the optical medium

under EIT condition displays the significant enhancement of Kerr nonlinearity, which is



favorable to certain nonlinear optical processes under weak driving conditions [7-11].
Thus, the SOS can occur in a resonant atomic system [13-15]. In addition, the technique
of EIT has also been used to produce high efficiency four-wave mixing [16-21], design
quantum phase gates [22-24], and form temporal optical solitons with ultraslow
propagating velocity [25-30].

As is known, one has understood the main characteristics of the SOS of one probe
field [31-35]. However, there exist multiple probe fields in a single medium in reality,
which are of interest in both fundamental physics and technical applications. For
example, Li et al. [36] investigated the propagation properties of two probe fields in a
four-state cascade-type system via EIT. They found that a two-component SOS can be
produced under the condition of a rather low input power (~ mW ), quite different from
the case of very high input power (~ kW) in the conventional passive media. We here
find that the SOSs can propagate stably in an ultracold four-level double- A type
system. Meanwhile, we obtain that whether repulsive or attractive interaction, elastic or
inelastic collision, and the energy transfer between the two SOSs are correlated with
their phase shift. These behavior of SOS open possibilities for future applications in

optical logic and switching devices.

2. The four-level double-A type system

Fig. 1




The ultracold lifetime-broadened four-level double-A type gaseous atomic system,

interacting with two weak probe fields and two strong control fields, is shown in Fig. 1.

The probe fields (with center angular frequencies ®,and @, ) and the control fields (with

1) —>}4) and |2)—[3),

|2> —>|4>, respectively. The electric-field vector of the system can be written as

center angular frequencies @,and @, ) couple the transitions |1> —>|3>,

E= ZZ:a,b,p,m e s explik, -r—amt)]+c.c., where e

o (e,,) are the unit vector denoting

the polarization of the probe (control) fields, with the envelope ¢,,(¢,,). Here c.c.
represents complex conjugate. In interaction picture, the material equations of motion

for atomic response reads

(i§+d2)A2+QZA1+QZA4=O, (la)
. :
(iai+ d)A, +Q A +Q A, =0, (1b)
t
N 1
(-t d)A +Q, 4 +0,4, =0, (lc)
t
A [ +]A, [ +]A [ +]A] =1, (1d)

where A, is the atomic probability —amplitude. Q ~=é  -p.Em/T
() =€) " Praun €airy /1) are the half Rabi frequencies corresponding to the probe

(coupling) optical fields, with p. being the electric dipole matrix element associated
with the transition from | j> to |l> . Here dj =A, +iy; ( j=2,3.4 ), with
Ay =0, —(@y—@) and A =0,-0, —(0,-@q)=0,—0,—(@—-a). They are the
one- and two-photon detuning between the states |1> —>|3> (1)—>]4) ) and
|2> - |3> (|2> - |4> ), respectively. y; is the decay rate of the state | j> .

The equation of motion for Q can be obtained by the Maxwell equation

p(m)
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where P =N, (P,,CC, + PisCiCy + PyyCoCy + DoyCacs +cc.) . Under a slowly varying

envelope approximation, equation (2) is turned into

.0 10 c 0 .

l(a_Z—FZE)Q[; +J§Qp +K13Al A3 = 0’ (33.)
P

.0 10 c 0 .

l(a_z+35)g'” +g¥9m +K,AA, =0, (3b)

where  x,=N,|p,[ ®, /(2he,e) and  k,=N,o

a“m

pu| I2¢,nc) are  the  propagation

coefficients. N, and c¢ are the atomic density and light speed in vacuum,

respectively. For simplicity, we assume that the coupling field is strong enough and

unchanged, so that €, can be considered a constant here.

3. Asymptotic expansion and coupled nonlinear Schrodinger
equations

Since equations (1) and (3) are nonintegrable, their soliton solutions can not be
obtained directly. To get the propagation properties of nonlinear probe fields, we introduce
multiple-scale perturbation theory [26, 28] to study the evolution of the probe optics in the

four-level double-A type system. First, we make the following asymptotic expansions

A=1+D07 AP A=Y AV (1=2,3,4), Q) =D, &' Q,, where &

p(m) 2
is a small parameter characterizing the small population depletion of ground state. Then,

we assume that A ( [=1,2,3,4 ), QY

s are functions of the multi-scale

variablest, = &'t 1=0,1), z,=¢'z(1=0,1,2) and x, = £x . Substituting them into

equations (1) and (3), we have a set of equations on A/’ and QU .ie.,

(iaimz)A;f‘) +QAY + QAP =, (4a)
" :
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(i§+d3)A§” +QY +Q AP = g, (4b)

0

(ia%+d4)Aij) +Q(mj) +Qb () — }/(j)’ (40)
0
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The explicit expressions of ', B, ¥, 6" and p” are omitted here for saving
space.

The leading order is a pure linear problem. Ones may get

Qg) _ Rei[K+(w)zofm0)J +F_ei[K_(w)z{)—axoj — F;ei@ +F_€i€’ , (53)
O =G +—— G Fe", (5b)
KQ,Q K3€2,82,

- H Fe¢"—-—HFe”, S¢
A =g HF" —o-HF. (5¢)
AD =L(K+—2)F+ei9* _,_L(K_ Ay (5d)

Kis ¢ Kis ¢
Ail) = ;*(Kﬁ— _2)G+F+ei9+ +;*(K+ _Q)G—F—ei‘97 > (Se)

K13K14€2,82, ¢ K318, 82, ¢

where K. (@)=w/c+[(k,D, +x,D,)+ \/(K13Db ~k,,D,)? + 4Kk, ], [, 172D,

G, =D(K, -wl/c)+x,D,, H, =(o+d,)(K,-w/c)/k;+1, D, =

a

! —(0+d,)w+d,)

Qtl

D, =[] ~(w+d,)w+d,) and D=[Q[ (w+d)+Q[ (@+d)~(@+d, Nw+d)w+d,) .

Qﬂ

And here F, are envelope functions depending on the slow variables z; (j=1,2)
and x, . For simplicity, in the following discussion we use the notation

AV =J, . Feée% +J, Fe’ (1=234), where J,, can be obtained by the

0l+~ +



expressions (6) directly. In most operation conditions, K, (@) can be expanded as Taylor

Fig. 2

expansion around the center frequency of the probe field, i.e. w =0 . We have

K=K, (0)=K,(0)+K,/o+K, @&+ (6)
where K,(0)=¢, +ia, /2 describe the linear absorption coefficient ¢, and phase
shift ¢ per unit length of the probe field. Usually, the absorptions of two component
of probe field are different in the system. That is to say, there is a strong absorption to
one component while a weak absorption to the other one in the system. When the probe
field comes into the system, the former will be depleted. In this case, there may occur a
single-component spatial optical soliton. Under the conditions that the parameters are
chosen appropriately, however, there may exhibit weak absorption to the both
components of the probe field. Figure 2 shows that the absorption coefficient «,
change with the Rabi frequency of control field €. We find that the both absorption
coefficient ¢, rapidly decrease with the increasing of the intensity of the control field
Q. . It means that there exist parameter regimes in which the absorptions of the two
components of the probe field can be almost suppressed simultaneously. These results
are from the contribution of the control field €, under an appropriate condition.

For the second order, a divergence-free solution requires

o 1 0
(—+———)F, =0, 7
Gty 50 )

g*
where v = (0K, /dw)™" is the group velocity of the wave envelope F, .
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Similarly, the third order yields the equation for F,. Combining equation (6) and
(7) and making transformation ¢, =¢&'t (I=0,1), z,=&'z(1=0,1,2) and x, =&x, we
obtain

2 2
iaU+ +iR8U+ +K,, g U; +M, 0 lg*
oz or or ox

+(N, U +N,|u o, =0, (8a)

ou ou oU oU 2 2
I—+IR—+K —+M =+ (N, |U,[ +N,U_[HU_=0, 8b
oz or = or? T ol ( 2l| +| 22| 7|) _ (8b)

where U, =¢F,, t =t—z/vg , R= —1/vg .V, =2vg+vg_ /(vg+ +vg_) , K, =82Ki/8a)2 ,
M, =(1,c/20,+G,c20,)(G,-1.) , I.=(K,-wlc)D-K,D,, Ny, =%(Ki —-alo)d,, ,
and N, =%(Ki—a)/ ¢)J,.. Obviously, equation (8) is the coupled Ginzburg-Landau
equations with complex coefficients and hence generally do not allow soliton solutions.
If, however, its parameters are chosen appropriately, ones may obtain its soliton
solution. Moreover, when the imaginary parts of the coefficients can be much smaller
than the real parts (in the case of EIT), equation (8) can be reduced to couple nonlinear
Schrodinger (CNLS) equations. Here, the coefficients R, K,,, M., N , Ny,
describe the group velocity mismatch, dispersion, the spatial walk-off, self-phase

modulation (SPM) and cross-phase modulation (CPM) effects of the system,

respectively.

4. Coupled spatial soliton solutions and their stability
We now consider a steady state propagation regime of the soliton. As discussed in
Ref. [36], the probe-field envelopes have such large enough temporal widths that their

time evolution can be neglected. So the time-derivative terms in the equation (8) vanish.



Based on this idea, equation (8) may be rewritten as

0
e C s ulif +Baly v, =
i v d + By [+ Bl v =0,
aé 2F aXz 21 22

where the dimensionless variablesv, =U,/W,, X=x/R, {=z/L,, d, =

sz =

s ﬂu:Nu/|N > ﬂ12:N12/|N ’ 1821:N21/|N

Here L, =R/|M_

(9a)

(9b)

, and f3,, :N22/|N22| :

, Ly =1/ ‘NZZWOZ‘ and R are the characteristic diffraction length,

nonlinear length and the beam width in the x direction of the probe field, and

=(M_/N,,)"* /R,. Disregarding the small imaginary parts of the coefficients, four

types of coupled soliton solutions [37-43] of equation (9) are given in the following.

The bright-bright soliton pair solution is

—_— —_ 7 B 2 —_— 2
v, =2 p, sech[A(X Bf)]exp{t[Zle X +(A%,, v )EDL,
v =\/§q sech[A(X — B&)]exp{i[ B X +(A%d,, - £ )E1}
- 0 2d,, 4ad,, ’

when the parameters satisfy with the condition d,,.f,, =d,. 5,

q. =(A’d,. - B,p)! B, with p,, A and B being arbitrary real constants.

A bright-dark soliton pair solution is

B 2

v, =2 p,sec hlA(X — BEexplil=———X + (A%d,, —2f,q; ——)E]),
2d,, 4d,,
2

v_ =~/2¢, tanh[A(X — BE)]explil B x_ 2A%d,, + B, pl+ YETY,
2d,, 8d,,

with qé = _(Azle _1811193)/ﬂ12 .

A dark-bright soliton pair solution reads

(10a)

(10b)

Here

(11a)

(11b)



B x _2a%a, +p q2+—B2 )ETY, (12a)
Zle 1F 1210 8d1F

v, =~/2p, tanh[A(X — BE)exp{il

2
5 X +(A2d2F _zﬂzlpg _B—)SZ]}’ (12b)

V.= x/EqO sech[A(X — Bf)]exp{i[deF id,

with ¢, =(A%d,,. + B,p.)! B, .

Ones can also obtain the dark-dark soliton pair solution

2
v =2p, tanh[A(X — BE)|explil—— X —2(A%d,, +—2—)e1), (13a)
2d. 8.,
D . B 2 B’
v =2q, tanh[A(X = BE)explil—— X ~2(A%d, . +—2—)&]), (13b)
2d., 8.,

with g5 =~(A’d,, + B, p)/ B -

Due to the existence of two dispersion branches (i.e., K, and K ) in this system,
each probe field is broken into two solitons. As a matter of fact, the formation of SOS
pairs is due to the balance between the beam diffraction and nonlinearity (i.e., SPM and
CPM) effects. It is possible that there exist bright-bright, bright-dark, dark-dark,
dark-bright soliton pairs in our present system [36, 44-45], when the SPM and CPM
coefficients defined by equation (9) satisfy the relation f,5,, = B,,/5,,. This is very
different from conventional systems (such as photorefractive and planar waveguides)
for generating SOS, where usually only one type of soliton pair can be produced.

Subsequently, the stability of the SOSs is cross-checked. For *’Rb atoms, the decay
rates and the detuning are y,=20x10°s", y,=5y,=50x10's", and A,=-25x10’s",

R

A, =A,=15x10’s", respectively. The propagation coefficients are &;=x, =1.0x10"ni"s".

The Rabi frequencies, beam width and wavelength of the probe fields are chosen as

Qa

|Q,,|=1.5 =1.5x10’s", R =20wm and 4, =4,=016um, respectively. Based on these
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parameters, we obtain f,=/4,=10-003%, B, =p4,=1.0-002%, d,=d, =0.8-0.06i,
and L, =L,=25x10"m. As the diffraction length L, is equal to the nonlinear length
L, , it illustrates the diffraction effect, causing the beam spread, is balanced with the
nonlinear effect. So, the probe beam becomes self-trapped at a very narrow width and
form the SOS. Figure 3 shows the spatial distribution of probe field intensity ‘Q /! Wo‘z
for the bright-bright soliton. We see that the amplitude and width of the wave-packet
characterizing probe field intensity keep unchanged and without attenuation. This means

the SOS can stably propagating along the & -direction.

Fig. 3

In addition, we calculate the peak input power P

max

of the SOS by Poynting’s
vector, and obtain ﬁmax ~8.3x107mW . This clearly shown that only very low input
power is required for generating SOS when using a highly resonant atomic medium.
However, in the conventional non-resonant medium such as photorefractives and planar
waveguides, the optical field is usually needed to reach a very high peak power

(~10°kW) in order to bring out the enough nonlinear effect for SOS formation [15, 46].

5. Interactional characteristics between two spatial optical
solitons
As is mentioned above, stable (1+1)-dimensional two-component SOSs can occur

in the four-lever double- A type system. This provides a possibility to detect
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interaction between two SOSs. Starting from equation (9), we numerically simulate
the interactional phenomena of the SOSs by using the split step Fourier method. The
initial condition consists of two Gaussian beams, which is chosen as
v+(§:0):(\/§/2)sech(X —3.0)exp(—iX)+p(\/§/ 2)sech(X +3.0)expli(X+¢)] and v (£=0)=
(2/2)sech(X —3.0)exp(—iX )+ (\[2/2)sech(X +3.0)expl[i(X +¢,)], where p and
¢, (or ¢,) represent the initial relative amplitudes and phase shift of two SOSs,

respectively.

Fig. 4

For a fixed value of v_, we consider the effect of v, on the probe beam intensity.
In view of this consideration, we plot the spatial distribution of the probe beam
intensity in the Fig. 4. Figure 4 (a) shows the result of the interaction between two
SOSs with the same phase (¢ =0). We find that the two SOSs approach, collide, and
separate each other. The intensity in the central region of the collision increase sharply.
In this case, there exists attractive interaction between the two SOSs, which is from
their constructive interference. Such constructive interference leads to an increase of
the refractive index and hence attracts more light to the centre area. Compared with the
case of Fig. 4 (a), we draw the result of the interaction between two SOSs with initial
phase shift ¢ =7z in Fig. 4 (b). Ones see that the interaction between the two SOSs is
repulsive, because the refraction index lowers in the central area of the collision. The

main reason is that there appears destructive interference between the amplitude of the
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SOSs when two SOSs overlap each other. Meanwhile, from the Figs. 4(a) and 4(b), we
obtain that the amplitude and width of the two SOSs seldom change after collision. It
means the collisions between them are almost elastic. This kind of interaction between
two SOSs with no energy losses is favorable for undistorted propagation of the single in
the optical soliton communications. In addition, the interactional phenomenon between
two SOSs with the phase shift ¢ =-z/2 and ¢ =7x/2 are depicted as Fig. 4(c) and
4(d). We see that one of the solitons leading in phase has partly enhanced in its
amplitude, and the other one lagging in phase has disappeared nearly after collision. We
may infer that the soliton lagging in phase transfers some energy to another leading one,
and there exist an inelastic collision between two solitons. So the one lagging in phase
loss its most energy and disappeared nearly and enhance the other one. Such a collision
scenario shown in Fig. 4(c) and 4(d) may be viewed as an amplification process in
which one of the solitons represents a signal (or is a data carrier) while the other soliton
represents an energy reservoir (pump). The main virtue of this amplification process is
that it does not require any external amplification medium, and therefore the
amplification of the soliton does not induce any noise [47]. The similar results for the
v_ component can be also obtained. Our results described above may have promising

application in optical logic and switching devices.

6. Conclusion
To summary, we have investigated a scheme to generate the two-component

spatial optical solitons in a cold, four-level double-A type atomic system. It is shown
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that the absorption of two-component of the probe field can be almost suppressed due
to the contribution of the control fields under appropriate conditions. Meanwhile, we
obtained analytically the CNLS equations describing the spatial distribution of probe
field by using the method of multiple-scale. In addition, we demonstrated that multiple
coupled SOSs can be generated by using very low input light intensity and propagated
stably.

Furthermore, by means of numerical simulations we studied the interaction
characteristics between the two SOSs. It was shown that whether repulsive or attractive
interaction, elastic or inelastic collision, and the energy transfer between the two
SOSs are correlated with their phase shift. The collision between two SOSs is elastic
when they are in phase or out of phase. While the inelastic collision appears between
the two SOSs with phase shift ¢ =-7/2 or ¢ =x/2. In addition, there exhibit an
energy transfer between the two SOSs with different phase and enhance the one

leading in phase.
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Figure captions

Fig. 1 The lifetime-broadened four-level double- A type atomic system interact with two

weak probe fields (of which center angular frequencies and Rabi frequencies are o,

and Q ) and two strong control fields (of which center angular frequencies and Rabi

frequencies are @,,, and Q ), respectively. A; (j=234) is the detuning.

®)
Fig. 2 The absorption coefficients «, of two-component of the probe field versus Rabi
frequency Q,, obtained with 1Q,1=1.0x10’s" . Other parameters of this system are
K, =2k, =20x10%m"'s™", A, =A,=1.0x10°s", A,=2.0x10°s", y, =y, =2.0x10°Hz,

7, =2.0x10" Hz.

Fig. 3 The space evolution of the relative probe field intensity ‘Q p‘z in the case of
bright-bright soliton solution as a function of dimensionless diffraction width X =x/R
and propagation distance £=z/L. with R =20pm and L. =25mm. Other parameters
are 7, =20x10°s" , 1, =5,,=50x10's" , A,=25xI0°s" , A,=A,=15x10°s"

A, =2, =016um, k;=k,=10x10"ni"s™,

Q|=19Q|=15x10s", A=1.0, B=01, and

p,=05.

Fig. 4 The spatial distribution of ‘Q p‘z for the interactions between two-solitons with
(@ p=14, =0, (b) p=14, =7, (c)p=10, g=—x/2, (d p=10,

g =rl2.
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